Pulsatile flow of blood using a modified second-grade fluid model  by Massoudi, Mehrdad & Phuoc, Tran X.
Computers and Mathematics with Applications 56 (2008) 199–211
www.elsevier.com/locate/camwa
Pulsatile flow of blood using a modified second-grade fluid model
Mehrdad Massoudi∗, Tran X. Phuoc
U.S. Department of Energy, National Energy Technology Laboratory (NETL), P.O. Box 10940, Pittsburgh, PA 15236, USA
Received 26 June 2007; accepted 24 July 2007
Abstract
We study the unsteady pulsatile flow of blood in an artery, where the effects of body acceleration are included. The blood is
modeled as a modified second-grade fluid where the viscosity and the normal stress coefficients depend on the shear rate. It is
assumed that the blood near the wall behaves as a Newtonian fluid, and in the core as a non-Newtonian fluid. This phenomenon is
also known as the Fahraeus–Lindqvist effect. The equations are made dimensionless and solved numerically.
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1. Introduction
Blood is considered to be one of the most important multi-component mixtures occurring in nature. It is composed
of plasma, red and white blood cells (RBCs and WBCs), platelets, etc. Constitutive modeling of blood has received
much attention due to the fact that the flow characteristics of blood influence many of the pathological conditions
observed in the cardiovascular system [1,2]. There are primarily two distinct, yet in many ways complementary
approaches to the constitutive modeling of blood. The first method is based on ideas in the microcontinuum or the
structured continua theories [3–8] whereby it is recognized that additional balance laws are required to characterize
the motion of the blood. Alternatively, blood can be viewed as a suspension and modeled using the techniques of non-
Newtonian fluid mechanics. In addition to these two methods, it is observed that as the geometry of the flow changes,
the rheological characteristics of blood also change and as pointed out by [2, p. 357], when blood flows in capillaries
(5–8 µm in diameter), “the red blood cells go through one at a time, with plasma in between.” As they indicate, in
such a case, the blood should be treated as a solid and fluid mixture. This adds to the complexity of the problem [9,
10].
It is well accepted that even though the plasma behaves as a Newtonian fluid, the hematocrit (cell matter
consisting primarily of RBCs which forms approximately 45% of the volume of normal human blood) exhibits
shear-thinning behavior and therefore must be modeled as a non-Newtonian fluid [11–13]. At the same time, there
is some experimental evidence that indicates blood, under certain conditions, behaves as a viscoelastic fluid [14,15].
Interestingly, it has been reported that at low shear rates, blood seems to have a high apparent viscosity (due to RBC
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aggregation) while at high shear rates the opposite behavior is observed (due to RBC disaggregation) [16]. One of
the successful models which has been able to capture the shear-thinning behavior of blood over a wide range of shear
rates is the model proposed by [17,18]: a generalization of the three constant Oldroyd-B fluid.
It has been noted that as the diameter of the vessel changes, not only the flow behavior changes from a Newtonian
fluid, in larger arteries, to non-Newtonian behavior, in small branches [19] and capillaries, but also that typical
Reynolds number for the flow varies from 1 (in small arteries) to 4000 (in the largest artery, the aorta) [20]. It has
also been observed that the measured apparent viscosity of blood decreases with decreasing diameter of the tube,
reaching a minimum at diameters of 5–7 µm, which corresponds to the diameter of capillary blood vessels [21].
This phenomenon is known as the Fahraeus–Lindqvist effect [1,22]. Kang and Eringen [23] mention that a similar
phenomenon has also been observed in slurry flows as early as 1958, known as the sigma-phenomenon. Another
common point between blood flow and slurries is the radial distribution of red cells in pipe flows. This phenomenon
was reported in 1962 by Segre and Silberberg [24,25] where it was noticed that starting with a uniform initial
distribution of neutrally buoyant particles in a viscous fluid, the particles aggregate at about 0.6 radius from the
pipe center [known as the Segre–Silberberg effect]. Generally speaking, from a rheological perspective, it can be
assumed that for most applications the blood can be considered to be a concentrated suspension of neutrally buoyant
deformable particles in a viscous fluid [26]. Furthermore, it has been experimentally documented that RBCs migrate
away from the wall and a cell-depleted layer is formed near the wall. As a result, many researchers have modeled the
blood flow in two stages: (i) a peripheral layer modeled as a Newtonian viscous fluid, and (ii) a core modeled as a
non-Newtonian fluid. Majhi and Usha [27] in an attempt to capture the Fahraeus–Lindqvist effect used a third-grade
non-Newtonian fluid model representing the core flow. Later, Majhi and Nair [28] studied the same problem under the
effect of body acceleration and pulsatile conditions. Haldar and Andersson [29] modeled the core region as a Casson
fluid and studied blood flow through an artery with a cosine-shaped constriction. Mandal [30,31] used a generalized
power-law model to numerically study the blood flow through a stenosed artery. Pulsatile flow [32] of blood with or
without body acceleration [33] through stenosed arteries (porous or non-porous) [34] has been studied extensively
using various non-Newtonian fluid models [35,36] (who used the power-law and the Casson fluid models), and [37,
38] (who used the Herschel–Bulkley model).
It can be seen that most of the efforts to use the non-Newtonian fluid mechanics approach to study blood fall
into two categories: (i) models which predict shear-thinning (power-law models or Oldroyd type models), and (ii)
models which exhibit yield stress (Casson model or Herschel–Bulkley type models) [39]. However, it is well known
that many suspensions composed of particle (deformable or non-deformable, spherical or rod-like) also show normal
stress effects giving rise to phenomena such as die-swell or rod-climbing [40,41]. Interestingly there is not much
experimental work reported on this subject, i.e., whether blood also exhibits normal stress effects. The simplest
constitutive model that can describe shear-thinning (or shear-thickening) and normal stress differences is the modified
(sometimes called generalized) second-grade fluid; this model will be used in this paper where we will study the
unsteady pulsatile flow of blood in an artery, under the body acceleration. In this model the shear viscosity and the
normal stress coefficients depend on the shear rate. It is assumed that the blood near the wall behaves as Newtonian
fluid, and at the core it behaves as non-Newtonian fluid. The equations are made dimensionless and solved numerically.
2. Governing equations
In the absence of thermochemical and electromagnetic effects, the governing equations of motion are the
conservation of mass and linear momentum equations. These are
Conservation of mass:
∂ρ
∂t
+ div(ρu) = 0 (1)
where ρ is the density of the fluid, ∂/∂t is the partial derivative with respect to time, and u is the velocity vector.
Conservation of linear momentum:
ρ
du
dt
= divT+ ρb (2)
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where b is the body force vector, T is the stress tensor, and d/dt is the total time derivative, given by
d(.)
dt
= ∂(.)
∂t
+ [grad(.)]u. (3)
3. Constitutive relation
There are several constitutive relations which are used to model the non-Newtonian (non-linear) characteristics
exhibited by blood. In this paper we use a modified (sometimes called generalized) form of the second-grade fluid [42,
43], to study the blood flow in an artery. For a second-grade fluid, the Cauchy stress tensor is given by [44]:
T = −p1+ µA1 + α1A2 + α2A21 (4)
where p is the indeterminate part of the stress due to the constraint of incompressibility, µ is the coefficient of
viscosity, α1 and α2 are material moduli which are commonly referred to as the normal stress coefficients. The
kinematical tensors A1 and A2 are defined through
A1 = L+ LT (5)
L = gradu (6)
A2 = dA1dt + A1L+ (L)
TA1 (7)
where u is the velocity vector, grad the gradient operator, d/dt the material time derivative given by Eq. (3). The
thermodynamics and stability of second-grade fluids have been studied in detail by Dunn and Fosdick [45] who
showed that if the fluid is to be compatible with thermodynamics in the sense that all motions of the fluid meet the
Clausius–Duhem inequality and the assumption that the specific Helmholtz free energy of the fluid be minimum in
equilibrium, then
µ ≥ 0,
α1 ≥ 0,
α1 + α2 = 0.
(8)
Fluids of differential type have attracted much attention in recent years, as well as much controversy; we refer the
reader to the recent review article by Dunn and Rajagopal [46] for a complete and thorough discussion of all the
relevant issues. Although the second-grade fluid model can predict normal stress differences (which lead to phenomena
such as die-swell and rod-climbing, which are manifestations of the stresses that develop orthogonally to planes of
shear), it cannot exhibit shear-thinning (or shear-thickening) which is the decrease (or increase) in shear viscosity
with shear rate. To overcome this, Man and colleagues [42,43] proposed the following two constitutive equations,
henceforth called the modified (generalized) second-grade fluid models:
T = −pl+ µΠm/2A1 + α1A2 + α2A21 (9)
T = −pl+Πm/2
(
µA1 + α1A2 + α2A21
)
(10)
where m is a material parameter and Π is the second invariant of A1
Π = 1
2
trA21. (11)
When m < 0, the fluid is shear-thinning and when m > 0 it is a shear-thickening fluid. If α1 = α2 = 0, then Eq. (9)
becomes the standard power-law model
T = −pl+ µo(trA21)mA1 (12)
where m is the power-law index and µ0 is the constant shear viscosity. Although the first model, where the viscosity
is also a function of temperature [47,48], have been used to study simple boundary value problems, the second model
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Fig. 1. The geometry of the flow.
has not received as much attention [49]. It needs to be emphasized that the generalizations due to Man and co-workers
and Massoudi and co-workers are all phenomenological and ad hoc in nature [50]. In this paper we will use Eq. (10)
to model the blood.
4. Analysis
Flow of blood in a rigid pipe is perhaps the simplest type of flow that can be studied analytically/computationally;
however, in reality the arteries are porous and viscoelastic [51]. Furthermore, the cyclic nature of the heart creates
unsteady pulsatile flow in all arteries. In many activities such as sudden movement of the body during exercises,
traveling in airplanes or vehicles at fast speeds, the body experiences external acceleration in addition to the
gravitational field. As a result of this and the pulsating nature of the blood flow, in most applications, one must
include a local acceleration term in the momentum equation to account for this effect [52].
Let us assume that [see Fig. 1 for the geometry of the flow]
u = u(r, t)ez. (13)
Substituting Eq. (13) into Eq. (2) we obtain the equation of motion in the z-direction1 [27,28]:
ρ
∂u
∂t
= −∂p
∂z
+ ρG + 1
r
∂
∂r
(rTr z). (14)
With Eq. (13) the conservation of mass, Eq. (1), is automatically satisfied. For a generalized second-grade fluid in the
core and a Newtonian behavior near the wall, we have
Tr z =

µ1
∣∣∣∣∂u1∂r
∣∣∣∣m ∂u1∂r 0 ≤ r ≤ a
µ2
∂u2
∂r
a ≤ r ≤ b.
(15)
It can further be assumed that
−∂p
∂z
= Ao + A1 cosωpt (16)
where ∂p
∂z is the pressure gradient produced by the pumping action of the heart, and A0 is the constant component of
the pressure gradient, A1 the amplitude of the fluctuation (causing the systolic and diastolic pressures), ωp [=2pi f p]
1 The other two components of the linear momentum equation are;
− ∂ pˆ
∂r
+ 1
r
∂
∂r
[
r(2α1 + α2)
∣∣∣∣ ∂u1∂r
∣∣∣∣m ( ∂u1∂r
)2]
= 0
− ∂ pˆ
∂θ
= 0
(14)b, c Where pˆ = p + φ,
where it is assumed that the body force b is conservative (b = −grad φ). Thus it can be seen that the normal stress coefficients α1 and α2
influence the pressure field, which indirectly (can) influence the flow field. For two- or three-dimensional flows, especially when the walls are not
rigid, the situation can become more interesting. We refer the reader to [53,54] for a discussion of unsteady unidirectional and pulsating flows of
non-Newtonian fluids.
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is the circular frequency and f p is the pulse rate frequency. The body acceleration is assumed to be given by
G = Ag cos(ωbt + φ) (17)
where Ag is the amplitude, fb is the frequency [ωb = 2pi fb] and ϕ is the lead angle of G with respect to the heart
action. In general, the pressure gradient for a one-dimensional flow is a function of z and t , and can be assumed to
have the following form:
∂p
∂z
= k(z) f (t) (18)
where
k(z) =
[
∂p
∂z
]
t=0
. (19)
And
f (t) = 1+ A1 cosωpt. (20)
Therefore, the form that we have assumed, Eq. (16), is a very specific one. The boundary conditions are:
∂u1
∂r
∣∣∣∣
r=0
= 0 (Symmetry condition) (21)
u2|r=b = 0 (No-slip condition). (22)
At the interface, the matching conditions are imposed so that the velocity and shear stresses behave in a continuous
and smooth manner. Therefore,
u1|r=a = u2|r=a (23)[
µ1
∣∣∣∣∂u1∂r
∣∣∣∣m ∂u1∂r
]
r=a
=
[
µ2
∂u2
∂r
]
r=a
. (24)
And the initial conditions are
u1 = u2 = 0; at t = 0. (25)
Now
i f

∂u
∂t
= 0
G = 0
∂p
∂z
= −H.
(26)
Then, the governing equation reduces to
∂
∂r
[
rµ1
∣∣∣∣∂u1∂r
∣∣∣∣m ∂u1∂r
]
= −Hr 0 ≤ r ≤ a (27a)
µ2
∂
∂r
(
r
∂u2
∂r
)
= −Hr a ≤ r ≤ b. (27b)
If we set
µ1 = 1+ β
m = 2 (28)
where β is a constant, then we obtain the problem that was studied in [27]. They assumed that the fluid in the core
behaved as a thermodynamically compatible third-grade fluid and they were able to obtain exact solutions for u1 and
u2.
204 M. Massoudi, T.X. Phuoc / Computers and Mathematics with Applications 56 (2008) 199–211
Fig. 2. Dimensionless velocity at the tube center for flow in two different arteries as a function of the dimensionless time: Fig. 2(a, c, and e) results
for the larger artery (r = 0.5 cm, Ao = 32 dyne/cm3); Fig. 2(b, d, and f) results for the smaller artery (r = 0.15, Ao = 698.65 dyne/cm3).
Fig. 2(a and b) Effects of varying B2 (varying Ag); Fig. 2(c and d): The effects of varying fb (Ag = 0.5g, m = −0.5); Fig. 3(e & f): The effects
of varying m (Ag = 0.5g).
The non-dimensional form of the equation of motion in the z-direction, in the inner and outer core, becomes
α
∂ u¯1
∂ t¯
= B1(1+ e cos 2pi t¯)+ B2 cos(2piωr t¯ + φ)+ 1r¯
∂
∂ r¯
[
r¯
∣∣∣∣∂ u¯1∂ r¯
∣∣∣∣m ∂ u¯1∂ r¯
]
(29)
γ
∂ u¯2
∂ t¯
= Bˆ1(1+ e cos 2pi t¯)+ Bˆ2 cos(2piωr t¯ + φ)+ 1r¯
∂
∂ r¯
[
r¯
∂ u¯2
∂ r¯
]
(30)
where
r¯ = r/b; u¯ = u
Uo
; t¯ = ωp
2pi
t; Uo =
(
Aob2
µ2
)
(31a)
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e = A1
Ao
; ωr = ωb
ωp
; ro = ba (31b)
µ¯ = µ1
(
Uo
b
)m
; ρ∗ = ρ2
ρ1
; µ∗ = µ2
µ¯
(31c)
B1 = Aob
2
µ¯Uo
; B2 = ρ1Ag b
2
µ¯Uo
= ρ1Ag
Ao
B1 (31d)
α = ρ1ωpb
2
2piµ¯
; γ = ρ2ωpb
2
2piµ¯µ∗
= ρ1ωpb
2
2piµ¯
ρ2
µ∗ρ1
= α ρ
∗
µ∗
(31e)
Bˆ1 = Aob
2
µ¯Uoµ∗
= B1
µ∗
; Bˆ2 = ρ2Agb
2
µ¯Uoµ∗
= ρ1Agb
2
µ¯Uo
ρ2
ρ1µ∗
= B2 ρ
∗
µ∗
. (31f)
And the dimensionless form of the boundary conditions become
∂ u¯1
∂ r¯
∣∣∣∣
r¯=0
= 0; (symmetry) (32a)
u¯2|r¯=1 = 0; (no-slip) (32b)
u¯1|ro = u¯2|ro (32c)[∣∣∣∣∂ u¯1∂ r¯
∣∣∣∣m ∂ u¯1∂ r¯
]
ro
=
[
µ∗ ∂ u¯2
∂ r¯
]
ro
. (32d)
In order to do a numerical/parametric study, we will focus on two specific and different conditions, where the
values of velocity, shear stress at the wall, and the flow rate are calculated for a coronary artery [r = 0.15 cm
and A0 = 698.65 dyne/cm3] and a femoral artery [r = 0.5 cm and A0 = 32 dyne/cm3] [36]. Alternatively, one can
refer to the former case as flow in narrow tubes and to the latter as flow in wide tubes. In addition, for the remaining
physical parameters, we assume [28]
Ag = 0; 0.5g; g
m = −0.5;−0.25; 0.0
fb = ωb/2pi = 0.6; 1.2; 2.4
Ao = 698.65; 32
r = 0.15 cm (radius of coronary artery)
r = 0.5 cm (radius of femoral artery).
Eq. (29) is rewritten as
When ∂ u¯1/∂ r¯ > 0:
α
∂ u¯1
∂ t¯
= B1(1+ e cos 2pi t¯)+ B2 cos(2piωr t¯ + φ)+ 1r¯
(
∂ u¯1
∂ r¯
)m+1
+ (m + 1)
(
∂ u¯1
∂ r¯
)m
∂2u¯1
∂ r¯2
. (33a)
When ∂ u¯1/∂ r¯ < 0:
α
∂ u¯1
∂ t¯
= B1(1+ e cos 2pi t¯)+ B2 cos(2piωr t¯ + φ)− 1r¯
∣∣∣∣∂ u¯1∂ r¯
∣∣∣∣m+1 + (m + 1) ∣∣∣∣∂ u¯1∂ r¯
∣∣∣∣m ∂2u¯1∂ r¯2 . (33b)
And Eq. (30) is rewritten as:
γ
∂ u¯2
∂ t¯
= Bˆ1(1+ e cos 2pi t¯)+ Bˆ2 cos(2piωr t¯ + φ)+ 1r¯
∂ u¯2
∂ r¯
+ ∂
2u¯2
∂ r¯2
. (34)
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Fig. 3. Dimensionless velocity profiles in the larger artery (r = 0.5 cm, Ao = 32 dyne/cm3): Fig. 3(a and b): The effects of B2 (varying Ag);
Fig. 3(c and d): The effects of varying fb; Fig. 3(e and f): The effects of varying m (Ag = 0.5g).
The two important physical quantities of interest are the volume flow rate and the shear stress at the wall. The volume
flow rate is,
Q =
∫ a
0
u1rdr +
∫ b
a
u2rdr = Uob2
(∫ r¯core
0
u¯1r¯dr¯ +
∫ 1
r¯core
u¯2r¯dr¯
)
. (35)
And the shear stress at wall is,
τs = −µ2
(
∂u2
∂r
)
r=b
= µ2Uo
b
(
∂ u¯2
∂ r¯
)
r¯=1
. (36)
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Fig. 4. Dimensionless velocity profiles in the smaller artery (r = 0.15 cm, Ao = 698.65 dyne/cm3): Fig. 3(a and b): The effects of B2 (varying
Ag); Fig. 3(c and d): The effects of varying fb; Fig. 3(e and f): The effects of varying m (Ag = 0.5g).
5. Results and discussions
Eqs. (33) and (34) subject to the boundary conditions described by Eq. (32) are integrated numerically using the
method of line. In this approach, we approximate the partial derivatives with respect to space using the central finite
difference technique and the partials with respect to time using the forward finite difference technique.
Two different sets of conditions given by [28] are used for the calculations: one set with Ao = 698.65 dyne/cm3,
r = 0.15 cm representing the constant component of the pressure gradient inside the coronary artery and the radius of
the coronary artery, and the other set with Ao = 32 dyne/cm3, r = 0.5 cm representing the constant component of the
pressure gradient inside the femoral artery and the radius. We also used Ag = 0, 0.5g, and g and fb = 0.6, 1.2, and
2.4 to investigate the effect of the body acceleration on the flow field. In all calculations, it was assumed that ϕ = 0.
In addition, the effect of the non-Newtonian nature of the blood was studied using m = 0.0, −0.25 and −0.5. In all
cases the diameter of the core was taken to be 60% of the diameter of the tube.
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Fig. 5. Dimensionless flow rate for flow in two different arteries as a function of the dimensionless time: Fig. 5(a, c, and e) for the larger artery
(r = 0.5 cm, Ao = 32 dyne/cm3); Fig. 5(b, d, and f) for the smaller artery (r = 0.15 cm, Ao = 698.65 dyne/cm3). Fig. 5(a and b) effects of
varying m (Ag = 0.5g); Fig. 5(c and d): effects of varying B2 (varying Ag); Fig. 5(e and f): The effects of varying fb (Ag = 0.5g, m = −0.5).
Due to the pulsating pressure and the body acceleration the velocity fluctuates and increases and finally reaches
the steady state condition as time increases. Such a flow behavior is shown in Fig. 2 for the dimensionless velocity
at the tube center, the effects of the constant component of the pressure gradient Ao, the body acceleration in terms
of the amplitude Ag , and the frequency fb are shown; in the core, the effect of the non-Newtonian nature of blood,
represented by the power m, is also given. For all cases, the steady state condition is reached at t¯ of about 2.7 for
m = 0.0 and about 7.2 for m = −0.5. For the steady state conditions, the velocity fluctuates around its mean value
with constant frequency and its amplitude increases when Ag increases [see Fig. 2a and b] and when fb and m
decrease [Fig. 2c and d]. For the same flow conditions and when the core flow is assumed to be that of a Newtonian
fluid, (m = 0), the mean value of the velocity fluctuation in the smaller artery is found to be the same as that of
the velocity fluctuation of the flow in the larger artery. For example, using Ag = 0.5g; fb = 1.2 and m = 0, our
calculations show that the mean value is 0.1121 for both arteries [Fig. 2e]. When the fluid in the core behaves as a
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Fig. 6. Dimensionless wall shear stress for flow in two different arteries as a function of the dimensionless time: Fig. 6(a, c, and e) for the larger
artery (r = 0.5 cm, Ao = 32 dyne/cm3); Fig. 6(b, d, and f) for the smaller artery (r = 0.15 cm, Ao = 698.65 dyne/cm3). Fig. 6(a and b) effects
of varying m (Ag = 0.5g); Fig. 6(c and d): effects of varying B2 (varying Ag); Fig. 6(e and f): effects of varying fb (Ag = 0.5g, m = −0.5).
non-Newtonian fluid (m 6= 0), however, the mean value of the fluctuation in coronary artery is significantly higher
than that of the velocity fluctuation of the flow in the larger artery [Fig. 2f].
Various velocity profiles are shown for the steady state condition in Fig. 3. Since the distribution of the velocity in
the second half of a cycle is the same as that during the first half, we show the results for the first half of one fluctuation
cycle starting with time ts and ending at ts+ thalf, (ts is the dimensionless time after the steady state condition has been
reached and at which the maximum velocity distribution is obtained and thalf is the half cycle time at which the velocity
distribution is minimum). In general, it is observed that the flow is faster when Ag is large or when fb is small or when
the core fluid behaves as a non-Newtonian fluid. For Ag = 0 the velocity profiles are nearly parabolic [Fig. 3a]. For
any value of Ag 6= 0, the velocity profile fluctuates between its positive and negative values [Fig. 3b]. Such a parabolic
shape exists only at the start of the fluctuation cycle when t = ts . Within the cycle, the velocity profiles have inflection
points where the shapes change from being convex to concave across the flow field. The maximum velocity is no
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longer found at the tube center but moving toward the wall during the first half and moving back to the tube center
during the second half of the fluctuation cycle [Fig. 3c and d]. When the velocity becomes negative, the maximum
value is seen in the region beyond the core and near the tube wall. In the case that the body acceleration frequency is
slow ( fb = 0.6 Hz) or the fluid in the core behaves as a Newtonian fluid (m = 0) the velocity profile is seen to return
to its parabolic shape at t = ts + thalf. In this case, the curve becomes concave and the velocity decreases from the
tube center to zero at the wall [Fig. 3e]. For non-Newtonian fluid in the core, (m = −0.5), the fluctuation cycle also
shifts in time [Fig. 3f]. It begins with ts of about 0.05 which is later than that for the Newtonian fluid case.
Some typical results for flow in the smaller artery are presented in Fig. 4. The magnitude of the velocity is
insensitive to fb but increases as either Ag or m increases [Fig. 4c and d]. The shapes of the velocity profiles, however,
remain parabolic at all times. Comparing the velocity in the two arteries, it is clear that when the velocity in the larger
artery is positive, the velocity in the smaller artery is significantly slower form = 0 but it becomes faster form = −0.5
[Fig. 4e and f]. Similar to the flow in the larger artery, the cycle shift in time due to the effect of non-Newtonian nature
of the fluid in the core is noticed. In this case, the starting time, ts , of a fluctuation cycle for m = −0.5 occur at about
0.25 after the starting time for the core flow with m = 0.
The effects of Ag , fb, and m on the dimensionless flow rate and the dimensionless wall shear stress are shown in
Figs. 5 and 6. The results indicate that the total flow rate and the wall shear stress fluctuate with the amplitudes and
the mean values increasing to constant values when steady state solutions are reached. These fluctuation properties
are seen to increase with an increase in Ag [Figs. 5c–d, and 6c–d], a decrease in m [Figs. 5a–b and 6a–b] or in fb
[Figs. 5e–f and 6e–f]. For the larger artery the fluctuation is always between a positive and a negative value in the
time cycle, while for the smaller artery such fluctuation is always between two positive values. As a result, the mean
values of the flow rate and the wall shear stress in the smaller artery are significantly higher (about three to five times)
than those obtained for the larger artery. Among these parameters, the effect of the non-Newtonian nature of the fluid
is obviously more significant in terms of the time that it takes for the flow to reach its steady state condition.
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